
Normal Distribution 
Z score

Sampling distribution



Probability distributions

⇒ Basic prob. rules are used to calculate prob. of an event

⇒ How to calculate prob. under more complex conditions

⇒ What is a random variable?

Var. in a study its subjects are randomly selected from a larger
population

⇒ When all values of the random variable is presented in a frequency 
table or a histogram, it form a probability distribution

⇒ In some distributions,  a rule or a formula describe adequately the 
distribution and you can use the formula to estimate the probability of 
interest

⇒ In other  situations a theoretical probability provides a better fit to the 
distribution of the variables of interest



Common distributions in medicine

⇒ Binomial distribution

For discrete variable

When the event has only binary outcome (yes, no) (alive, dead)

⇒ Poisson distribution

Named after the French mathematician Simeon D. Poisson

Discrete variables

When the outcome is the number of times an event occurs. Used 
for rare events, (to model no. of cells in a given fluid volume,
bacterial colonies in a medium, emission of radioactive particles 
from radioactive material)

⇒ Normal distribution



Normal distribution
Gaussian distribution

Carl Friedrich Gauss 
(1777-1855)

•After German mathematician 
Carl Friedrich Gauss
•Continuous distribution
•Smooth , bell shaped curve
•Symmetric around the mean 
of the distribution
•Many biological parameters 
are normally distributed



Properties of the Normal Curve

⇒ Bell-shaped

⇒ Unimodal

⇒ Symmetrical

Exactly half of the scores above the 
mean

Exactly half of the scores below the 
mean



Properties of the Normal Curve

⇒ Bell-shaped

⇒ Unimodal

mean = median = mode

⇒ Symmetrical

⇒ Tails are asymptotic

i.e., never touch the x axis

⇒ Tails never below x axis

i.e., probability never negative
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Properties of the Normal Curve
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The Normal Curve
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⇒ The Theoretical Normal Distribution

Area under the curve = 1

no matter what the mean and standard deviation of the curve 

The Y-axis is labelled Relative Frequency, ƒ(x)

Theoretical probability 
function called probability 
density function (pdf)

ƒ(x)

a b



The Normal Curve

⇒ The Empirical Normal Distribution

The empirical distribution is an approximation to the 
theoretical distribution
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The Normal Curve
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99.72% of cases

95.44% of cases

68.26% of cases

34% 14% 2%34%14%2%

-3S       -2S        -1S         0       +1S       +2S      +3S

⇒ There are known 
percentages of scores 
above or below any given 
point on a normal curve

34% of scores between 
the mean and 1 SD 
above or below the mean

An additional 14% of 
scores between 1 and 2 
SDs above or below the 
mean

Thus, about 96% of all 
scores are within 2 SDs 
of the mean (34% + 34% 
+ 14% + 14% = 96%)

⇒ Note: 34% and 14% figures 
can be useful to remember

Mean = 65
S = 4



Normal Probability Distribution

-3 -2 -1 0 1 2 3

Area = 1



Normal Probability Distribution

-3 -2 -1 0 1 2 3

Prob =.683 

Prob = .954

Prob = .997



Normal Probability Distribution

-3 -2 -1 0 1 2 3

Prob = .95

95% of the population = normal range

μ- 1.96                   +1.96



The Standard Normal Curve

⇒ “A standard score expresses a 
score’s position in relation to the 
mean of the distribution, using the 
standard deviation as the unit of 
measurement”

⇒ “A z-score states the number of 
standard deviations by which the 
original score lines above or below 
the mean”

⇒ Any score can be converted to a z-
score  as follows

⇒ Z = (x - μ) / σ

⇒ The standard normal distribution has 
a mean of 0 and a standard deviation 
of 1.
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The Normal Curve Table

⇒ Normal curve table gives the precise percentage of scores 
between the mean (z score of 0) and any other z score.

⇒ Can be used to determine

Proportion of scores above or below a particular z score

Proportion of scores between the mean and a particular z
score

Proportion of scores between two z scores

⇒ Assumption:  Using a z score table assumes that we are 
dealing with a normal distribution

If scores are drawn from a non-normal distribution (e.g., a 
rectangular distribution) converting these to z scores does 
not produce a normal distribution.



Appendix A, page 306

The Normal Curve Table



The Normal Curve Table



Normal Curve Table Continued

⇒ The Z table can also be used to.

determine a z score for a particular proportion of scores under the 
normal curve, and

Determine the proportion of scores below (or above) a z score
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-3 -2 -1 0 1 2 3

μ SBP = 120, σ = 10,  proportion of those with SBP > 125

z = 0.5

Shaded area now 
represents the probability
of achieving a z-score at 
or greater than .5

To calculate:

Get value from the 
table for z = .5

Area = 0.3085

Find the probability

Z = 125 -120 / 10 = 0.5



-3 -2 -1 0 1 2 3

proportion of those with SBP < 125

z = 0.5

Shaded area 
represents the 
probability of 
achieving a z-score 
at or less than .5

To calculate:

Get value from the table 
for z = .5

Subtract from 1

Why? Because 1 
represents the total areaArea = .6915

1 - .3085 = .6915

Find the probability



Find the probability

-3 -2 -1 0 1 2 3

z = -1.75

?

Be sure to use the correct side 
of the table! 

.0401

What does the shaded 
area mean here?

P(z ≤ -1.75)



Find the probability

-3 -2 -1 0 1 2 3

z = 2.5

.9938



-3 -2 -1 0 1 2 3

Proportion with SBP < 110 and > 100

.023

.158

Find the probability

Find the probability your z-score is 
between –1 and –2 

What does the shaded 
area mean?
P(-2<z<-1)



Find the z-score

-3 -2 -1 0 1 2 3

z = ?
Area = .90

Given the area, you can 
calculate the z-score

Look in table A-2 for the 
area that most closely 
approximates yours and 
see what the z-score is

z = 1.29 or 1.30



Exercise  

⇒ To find the proportion of the 
curve that lies above or below 
a particular score

Convert raw score to z score, 
if necessary

Draw a normal curve
Indicate where z score falls

Shade area you’re trying to 
find

Make rough estimate of 
shaded area’s percentage

Find exact percentage with 
normal curve table

Check to verify that it’s close 
to your estimate

For a normal distribution with a 
mean of 10 and a standard 
deviation of 2

Find the percentage of the 
distribution that 

falls above 12

falls below 12

falls above 8

falls below 8

fall above 9

falls below 7



Exercise

⇒ To find the proportion of the 
curve that lies between two 
scores

Convert the raw scores to z
scores

Draw a normal curve
Indicate where the two z
scores fall

Shade area you’re trying to 
find

Make rough estimate of 
shaded area’s percentage

Find exact percentage with 
normal curve table

Check to verify that it’s close 
to your estimate

⇒ For a normal distribution with a 
mean of 10 and a standard 
deviation of 2

Find the percentage of the 
distribution that 

falls between 10 and 12

falls between 8 and 10

falls between 6 and 10

falls between 6 and 8

falls between 10.5 and 11

falls between 8.5 and 11



Exercise

⇒ Draw normal curve, shading 
approximate area for the 
percentage desired

⇒ Make a rough estimate of the Z
score where the shaded area 
starts

⇒ Find the exact Z score using 
normal curve table

⇒ Check to verify that it’s close 
to your estimate

⇒ Convert Z score to raw score, 
if desired

⇒ For a normal distribution with a 
mean of 10 and a standard 
deviation of 2

Find the raw score for which 
50% of the distribution falls 
above it

84% of the distribution falls 
below it

98% falls above it

62% falls below it

30% falls above it



!!! Remember !!!

⇒ We can use the standard normal distribution table ONLY
when our distribution of scores is normal.

Using the standard normal table is not appropriate if our 
distribution differs markedly from normality

e.g.,

rectangular

skewed

leptokurtic

bimodal



Comparing Scores from Different Distributions

⇒ Again: The standard normal distribution has a mean of 0
and standard deviation of 1

⇒ Consider two sections of statistics

Class A has a mean of 80 and S of 5

Class B has a mean of 70 and S of 5

Student 1 gets 80 in Class A 

Student 2 gets 75 in Class A 

Which student did better?



Percentile Ranks and the Normal Distribution

⇒ When we ask what proportion of a distribution lies below a 
particular z score, we are actually asking what is the 
percentile rank of the score

⇒ e.g., in a distribution with a mean of 100 and standard 
deviation of 15, 84% of the distribution falls below a score 
of 115 [z = (115-100)/15 = 1].

Therefore, the percentile rank of 115 is 84%



Sampling distribution



The Concept of Sampling Distributions

Parameter – numerical descriptive measure of a 
population. It is usually unknown

Sample Statistic - numerical descriptive 
measure of a sample. It is usually known

Sampling distribution – the probability 
distribution of a sample statistic, calculated from 
a very large number of samples of size n



The Concept of Sampling Distributions

19, 19, 20, 21, 20, 25, 22, 18, 18, 17

We can take 45 samples of size 2 from this group of 
10 observations

μ= 19.9

If we take one random sample and get (19, 20), 

Another random sample may yield (22, 25), with 

5.19=x

5.23=x



The Concept of Sampling Distributions

Taking all possible samples of size 2, we can 
graph them and come up with a sampling 
distribution of the sample statistic
Sampling distributions can be derived for any 
statistic
Knowing the properties of the underlying 
sampling distributions allows us to judge how 
accurate the statistics are as estimates of 
parameters 

x



The Concept of Sampling Distributions

Decisions about which sample statistic to use 
must take into account the sampling distribution 
of the statistics you will be choosing from.



The Concept of Sampling Distributions

Given the probability distribution

Find the sampling distribution of mean and median of x

Taking all possible samples of size 3

X 0 6 9

p(x) 1/3 1/3 1/3



Possible Samples x m Probability

0,0,0 0 0 1/27 
0,0,6 2 0 1/27 
0,0,9 3 0 1/27 
0,6,0 2 0 1/27 
0,6,6 4 6 1/27 
0,6,9 5 6 1/27 
0,9,0 3 0 1/27 
0,9,6 5 6 1/27 
0,9,9 6 9 1/27 
6,0,0 2 0 1/27 
6,0,6 4 6 1/27 
6,0,9 5 6 1/27 
6,6,0 4 6 1/27 
6,6,6 6 6 1/27 
6,6,9 7 6 1/27 
6,9,0 5 6 1/27 
6,9,6 7 6 1/27 
6,9,9 8 9 1/27 
9,0,0 3 0 1/27 
9,0,6 5 6 1/27 
9,0,9 6 9 1/27 
9,6,0 5 6 1/27 
9,6,6 7 6 1/27 
9,6,9 8 9 1/27 
9,9,0 6 9 1/27 
9,9,6 8 9 1/27 
9,9,9 9 9 1/27 

 
 

1/279

3/278

3/277

4/276

6/275

3/274

3/273

3/272

1/270

P(x)x

Sampling distribution 
of x

7/279

13/276

7/270

P(m)m

Sampling distribution 
of median



Sampling distribution of mean and median
Sample size = 3
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Mean = 5.037
Std. Dev. = 2.12098
N = 27



The Concept of Sampling Distributions

Simulating a Sampling Distribution

Use a software package to generate samples of size n 
= 11 from a population with a known μ = .5

Calculate the mean and median for each sample

Generate histograms for the means and medians of the 
samples

Note the greater clustering of
the values of      around μ

These histograms are 
approximations of the sampling 
distributions of      and m

x

x



Properties of Sampling Distributions: 
Unbiasedness and Minimum Variance

Point Estimator – formula or rule for using sample data 
to calculate an estimate of a population parameter

Point estimators have sampling distributions

These sampling distributions tell us how accurate an 
estimate the point estimator is likely to be

Sampling distributions can also indicate whether an 
estimator is likely to under/over estimate a parameter



Two point estimators, A and B, of parameter θ

After generating the sampling distributions of A and B, 
we can see that

A is an unbiased estimator of θ

B is a biased estimator of θ, with a bias toward 
overstatement

Properties of Sampling Distributions: 
Unbiasedness and Minimum Variance



Properties of Sampling Distributions: 
Unbiasedness and Minimum Variance

What if A and B are both unbiased estimators of θ?

Look at the sampling distributions and compare their 
standard deviations

A has a smaller standard 
deviation than B

Which would you use as 
your estimator?



Assume 1000 samples of size n taken from a population, 
with     calculated for each sample. What are the Properties 
of the Sampling Distribution of    ? 

Mean of sampling distribution equals mean of sampled 
population  

Standard deviation of sampling distribution equals

Standard deviation of sampled population
Square root of sample size 

or, 

is referred to as the standard error of the mean

x
x

μμ =x

nx σσ =
xσ

The Sampling Distribution of X 
and the Central Limit Theorem



The Sampling Distribution of X 
and the Central Limit Theorem

If we sample n observations from a normally distributed 
population, the sampling distribution of     will be a normal 
distribution

Central Limit Theorem

In a population with standard deviation     and mean    , the 
distribution of sample means from samples of n
observations will approach a normal distribution with 
standard deviation of                  and mean of             as n
gets larger. The larger the n, the closer the sampling 
distribution of     to a normal distribution.

x

μμ =xnx σσ =

σ

x

μ



The Sampling Distribution of X 
and the Central Limit Theorem

Note how the sampling
distribution approaches
the normal distribution
as n increases, 
whatever the shape
of the distribution of the
original population



The Sampling Distribution of X 
and the Central Limit Theorem

Assume a population with μ = 54, σ = 6. If a sample of 
50 is taken from this population, what is the probability 
that the sample mean is less than or equal to 52?

Sketch the curve 
of x and identify 
area of interest



The Sampling Distribution of X 
and the Central Limit Theorem

Convert 52 to z value

First, calculate the standard deviation of the sampling 
distribution

Then calculate the z value

Use the tables to find
probability of interest

35.2
85.

5452
−=

−
=

−
=

x

xx
z

σ
μ

85.
50
6

===
nx

σσ

( ) 0094.4906.5.52 =−=≤xP



Standard error of the mean SEM and
standard variation

⇒ In real life we usually do not have the luxury or time to do repeated sampling, 
only one sample to estimate a population parameter.

⇒ With relatively large sample sizes and with the use of central limit theorem, 
we have a reliable estimate of population parameter

⇒ Standard deviation expresses the amount of variability among individual 
observations of the sample

⇒ SEM =                       it measures the amount of variability in the sample 
mean, it indicates how closely the population mean is likely to be estimated 
by sample mean

⇒ SEM is a function of both population variability and sample size

⇒ Because standard deviation and SEM are often confused it is very important 
that they are clearly labelled when presented in tables of results

nσ
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